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Abstract 

Mathematical Concepts are abstract entities. The present study explores the role of Lesh’s model of multimodal representation in 

learning of Mathematical Concepts across the primary grades. The student interns of B.El. Ed are facilitated to design lesson plans 

based on this model while they teach mathematics during Primary School Internship. Extensive Classroom observations of one of 

the Student Intern and responses to the questionnaire administered to other Interns are analysed to explore the extent the model is 

exploited for the development of mathematical concepts across the primary grades. The study suggests employing the Lesh’s model 

engages the learners in representation, abstraction and generalization of mathematical concepts. 
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Introduction 

Mathematical ideas are abstract mental constructs. In order to 

help students, grasp these ideas, they must be represented in a 

more concrete way using external representations. These 

external representations take the place of the abstract, mental 

concepts, and they embody the key properties of the concepts. 

Since a particular mode of representation cannot embody an 

abstract concept completely, it is necessary to have more than 

one representation for each concept. This will stress linkages 

among different modes of representation, thus deepening 

understanding. In the past fifty years, there have been several 

useful analyses of what understanding means in mathematics 

instruction (Davis, 1992; Hart, 1981; Miller & Kandl, 1991; 

Skemp, 1976; Wong, 1984) [3, 4]. Although there is no one single 

meaning of understanding, these analyses have, nevertheless, 

highlighted the notion that understanding is intimately linked to 

connections between know what, know how, and know why, 

forming a coherent schema in the individual’s mind. According 

to Lesh, Post and Behr (1987) [6], a student “understands” an 

idea if he or she can: 

1. Recognise the idea embedded in a variety of qualitatively 

different representational systems. 

2. Flexibly manipulate the idea within given representational 

systems, and 

3. Accurately translate the idea from one system to another. 

 

Representation is, therefore, a crucial component in the 

development of mathematical understanding and quantitative 

thinking. Without it, mathematics would be totally abstract, 

largely philosophical, and probably inaccessible to the majority 

of the populace. With it, mathematical ideas can be modelled, 

important relationships explicated, and understandings fostered 

through a careful construction and sequencing of appropriate 

experiences and observations. It is currently held that it is the 

translation between different representations of mathematical 

ideas, and the translations between common experience and 

abstract symbolic representation of those experiences, that 

make mathematical ideas meaningful for children. 

Bruner (1966) suggested three modes of representation –

enactive, iconic, and symbolic for modelling mathematical 

ideas for children. Intuitively these modes suggest a linear 

temporal ordering: first, enactive; second, iconic; and last, 

symbols. Lesh (1979) suggested adding two additional modes, 

spoken language and real-world problem situations. Most 

importantly, he stressed the interactive nature of these various 

types of representatives, that is, often several modes will exist 

in a problem-solving setting and individuals will routinely 

reemploy a variety of representation as they reorganize problem 

components and interrelationships between them. 
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Lesh’s Multimodal Model of Representation 

 

Objectives of the study 

The objectives of the study undertaken are to explore 

a) Effectiveness of Real Life Situations; Concrete material; 

Pictorial representation; oral symbols and written symbols 

in learning of mathematics; 

b) Effectiveness of the five modes of representation leading 

to development of conceptual and procedural knowledge. 

c) Translation from one mode of representation to another 

mode of representation amongst the individual learners in 

the class. 

 

Methodology Adopted for the study 

The researcher as a Mathematics Teacher Educator conducted 

in depth observation of one of the student interns executing 

Mathematics Lesson plans based on Lesh’s model of 

multimodal representation to teach Division and Fractions to 

grade 4 learners during the Primary School Internship The 

intern was facilitated to do detailed Content Analysis for each 

of the themes Fractions and Division to be taught during 

internship. The intern under the supervision of the researcher 

designed the Lesson plans based on Lesh’s model to be 

executed in grade 4 of M.C.D. school where the intern 

conducted her primary school internship as part of their 

B.El.Ed. Curriculum 

The effectiveness of these plans was analysed on basis of the 

learners’ responses (oral and written). The researcher whilst 

classroom observations which were conducted twice a week 

over an 8week duration took detailed field notes (recording of 

oral and written responses of the learners) for interaction 

facilitated by intern. Response of 05 students regular in 

Mathematics classes and participating in tasks executed were 

recorded and analysed for the study. 

 Questionnaire was designed and administered to other interns 

under researchers’ supervision to analyse the extent they found 

Lesh’s model to be effective in teaching of mathematical 

concepts, in case, they have employed the model  

Results and Discussions 

The data has been analysed on basis of the following 

A) Analysing the responses of each of the 5 students for each 

of the concept undertaken on the following aspects 

1. Conceptual Knowledge of the learner; 

2. Procedural Knowledge of the learner; 

3. Mathematical Communication; 

4. Problem Solving; 

 

Citing below few of the selected responses of the students 

chosen for the study after the students have had been facilitated 

to learn the concepts underlying Division and Fractions 

employing varied modes of representations as laid by Lesh’s 

model and an analysis with respect to the development of above 

stated aspects 

 

a) Conceptual Knowledge 

Mamta was initially an average child in class. It was observed 

that she began to extensively employ the pictorial 

representation for solving the contextual problems. Mamta’s 

response while she explained that 28 ÷ 7 is 4 and 28 ÷ 4 is 7 is 

different by employing three modes contextual situation, 

written symbols and orally reading the division fact alongside 

verbalizing her reasoning as: 

1. 28 batan hain aur 7 kameez mein lagane hain to har ek 

kameez mein 4 batan lagaye gaye. 

2. 28 batan hain aur 4 kameez mein lagane hain to har ek 

kameez mein 7 batan lagaye gaye. 

It was observed she is able to frequently translate from 

symbols to contextual situations and exhibiting the 

meaning associated with division corresponding to equal 

grouping too which was evident when she pictorially 

represented the situation. 

 

Mohini when given the contextual situation on chickens and 

legs namely if there are 32 chicken legs, how many chickens 
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are there? She first drew (pictorial representation) 32 legs and 

then made groups of 2 legs each corresponding to one chicken. 

She translated her response into symbolic division fact 32 ÷ 2 

= 16. Mohini translated from contextual to pictorial and then to 

symbolic mode. 

When confronted with the expression 15 ÷....... = 3; it was 

observed Vaishali was initially confused. But eventually 

translated the expression in symbolic written form to oral 

symbolic form and framed an appropriate contextual situation 

as: There are Rs.15 to be divided equally among children, each 

child gets Rs.3. So, how many children are there? She could 

now answer even mentally that there are 5 children exhibiting 

her conceptual understanding of division as inverse of 

multiplication and division as a process of equal 

sharing/grouping. 

 

b) Procedural Knowledge 

Mamta initially had problems related with the comprehension 

of the symbol used for division and equal to as well as 

expressing a division fact. She was not able to differentiate too 

the difference in the meaning of the two symbols. She still 

depended a lot on the pictorial representation to reflect and 

translate the verbal expressions to symbolic expressions. 

Gradually it was observed there was translation from symbolic 

to the contextual situation facilitating the comprehension of 

symbolic division fact and the strategy to be employed to find 

the requisite product (solution) as evident when she translated 

52 divided by 4 as 52 rupees to be divided among 4 students of 

her class. She then employed the strategy of equal sharing 

pictorially instead algorithm. 

She drew 4 faces with distributing each face an amount of Rs 

10 each and said Rs 12 are left and then redistributed equally 

an amount of Rs.3 each. 

She expressed the procedure in terms of developmental 

approach and wrote the quotient as 10+3 and the remainder as 

0. 

The procedure employed exhibited her relational understanding 

of division and revisiting the place value concept hence the 

development of the conceptual structures. 

Mohini ‘s response to finding the cost of ¾ kg of potatoes when 

the cost of a kg of potatoes is Rs.12 as:  

She represented Rs.12 as:  

* * * 

* * * 

* * * 

* * *  

Dividing Rs 12 into four groups equally and said that three 

groups make Rs 9 so the cost of three fourths of potato is Rs.9/- 

  

c) Mathematical Communication 

Mamta is a shy student who generally is not found to talk about 

her actions, but when encouraged to speak in class while the 

study is being undertaken it was found she was able to express 

well even in mathematical terms. As in case of problem of 

dividing 56 by 7, she observed that one of the classmates has 

expressed the quotient as 7 and the remainder as 56, to which 

she spontaneously responds: 

 

Usne bante nahin to 56 vapas aa gaye, saare, paise bach gaye to 

agar 7 ko diye hain to 56 khatam ho jaane chahiye. 

She was thus capable of regulating the process employed 

Saima: It was observed that from beginning Saima is 

verbalising her actions and making an effort to justify her 

responses as is evident while finding 1/3 of 18. She constructs 

a contextual situation as: 

There are 18 marbles to be divided among three. How many 

will each get......... 

Let me divide it among you three...... (Her classmates) 

So, she divides and expresses  

 

18 ke teen hisse kiye jain to ek hisse mein 6 cheeze aayegein 

 

d) Problem Solving 

It was observed Mamta is interpreting problems and devising 

her own strategies to solve those problems. For example, for 

solving 12 divided by....... =2, she started with the 

multiplication table of 2 and when she arrives at the product 24, 

she gets caught in conflicting situation. She again translates the 

symbols into contextual problem: 12 rupey hain pata nahin 

kitne jan hain ki sabko 2 rupey miley. 

She then arrives at the answer 6. 

Mohini when asked to respond to: 

How many necklaces can be made out of 18 beads if each 

necklace requires 6 beads. 

Instead of solving directly by employing an algorithm asserts 

the following strategy: 

1 Necklace 6 Manke 

2 Necklace 6 Manke........hogaye 12 Manke 

3 Necklace 6 Manke....... ab ho gaye 18 Manke 

And states in symbolic form as 18 divided by 6 is 3 

 

B) Analysis of the effectiveness of concrete mode of 

representation with respect to the entire class 

In the beginning it was felt that the activities are time 

consuming and the results not effective. On the first day of 

teaching Division when the beads were provided to the learners, 

they enthusiastically started forming necklaces. It took time to 

bring their focus from play to concept of equal sharing of beads 

in the formation of each necklace and once this was facilitated, 

they started working effectively with variety of concrete 

material provided with an effort to make equal groupings as 

required. The concrete material to a large extent ensured the 

involvement of all the learners despite their previous 

conceptual structures. 

 

A simple activity of dividing 20 sticks between two students 

leads to observation of varied responses in class between 

different pairs of learners 

a) Learners who divided by giving 1 to each partner 

alternatively) Learners who divided by giving 2 to each partner 

alternatively) Learners who solved even mentally that each will 

have 10; d) Intern reflected on Vaishali’s. response that she 

directly picked up 10 matchsticks and gave those to her friend 

to share equally. She emphasized on the mental calculation and 

verified it with use of concrete material. 

 

In the task of finding different fractions of ribbon of length 

a metre it was observed 

a) Learners folded ribbon into half and then measured each 

length using the metre tape and established half of metre is 
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50 cm; 

b) They further extended the activity by folding the half again 

and finding the length of one fourth of a metre as 25 cm; 

c) Scaffolding by the teacher encouraged them to find three 

fourths of a metre and further justifying that the sum of half 

and one fourth of metre is same as three fourths of a metre. 

 

C) Analysis of the effectiveness of Real-Life Situations 

representation with respect to the entire class 

It was wonderful to see that students generally tend to put 

themselves in the situations and then devised strategies to 

divide. During division corresponding to the situations, they 

designed their own strategies as in the contextual situation 

corresponding to Kameez and Buttons, a student, devised a 

strategy as 

1 kameez....4 button; 

2 kameez....4 aur button........8 button 

.. 

.. 

.. 

7 kameez....4 button........28 button 

She translated the comprehension in symbolic form as 28 

divided by 4=7 

Similar translation was observed when the contextual situation 

corresponding to finding the number of goats when the number 

of legs was given was asked. 

Thus, contextual situations provide framework to comprehend 

the meaning associated with the operation and also facilitates 

the translation to pictorial and then to symbolic form. 

 

D) Analysis of the effectiveness of Pictorial mode of 

representation with respect to the entire class: A number of 

tasks including picture stories were provided to learners 

requiring the learners to write the division word problem and 

also the division fact corresponding to the picture were 

provided to the learners For example, distribution of given 

number of ladoos (in pictorial form); lead students to draw 

boxes surrounding the ladoos and different students dividing in 

different equal groupings and hence formulating different word 

problems and division fact and appreciating multiple responses. 

The pictorial representation facilitated the verbalization of 

division facts as well as expression of the written symbolic 

expression in terms of division fact. 

In Fractions the pictorial mode facilitated to great extent 

understanding associated with fraction corresponding to 

dividing into equal parts of the unit region. 

The learners also exhibited the variability in dividing the unit 

region into equal parts as required corresponding to given 

fraction. 

 

E) Analysis of the effectiveness of written symbolic mode of 

representation 

The researcher made an effort to introduce and revisit the 

symbols and symbolic expressions alongside concrete, 

contextual and pictorial mode. It was observed that this 

facilitated the comprehension of symbolic expressions and was 

evident when learners themselves (many of them) were able to 

write the corresponding symbolic expression for the pictorial 

and contextual situations. Initially learners were confused as 

with Lakshmi for contextual situation of dividing 6 bananas 

equally among three monkeys she expressed the fact as 3 

divided by (using symbol for division) 2 divided by (using 

symbol for division) 6 on the black board. When asked to 

interpret she shared it as: 

 

‘’3 bandar hain aur 2 kele denge to har ek ko to 6 kele kul 

honge.’’ 

 

The student teacher interrupted and repeated the question 

knowing Lakshmi knows the answer but was not able to express 

it symbolically. 

It was also observed that learners are confused with symbols 

for multiplication and division while expressing the fact 

corresponding to given contextual situation. 

 

F) Analysis of the effectiveness of oral mode of 

representation 

When students were asked to verbalize, they started reflecting 

on their actions. Example when the intern expressed division 

facts in symbolic form or as expressed when one tends to 

employ the algorithm it was observed many learners translated 

them orally in form of contextual situations. Kashish on 

confronting 65 divided by 5 as division fact translated 65 into 

5 ten-rupee notes and left with Rs 15. . She even made five faces 

with each having Rs.10 and now left with Rs15 to be equally 

distributed among five and hence each face to have Rs 3 more. 

So, 65 divide by 5 gives 13. Oral verbalizing leads to 

determination of the requisite quotient. While Kashish was 

performing and asked to justify why each of the person have to 

be given an additional amount of Rs.3 after distribution of 

Rs.10 to each. She justified by reading multiplication table. 

Another student intervened and mentioned that if we give more 

than 3 it will lead us to “udhaar”. But we have to give only 

Rs.15. This oral expression leads to an in-depth insight to 

learners understanding. 

 

G) Analysis of the Questionnaire given to other Interns 

(Student Teachers) 

It was found nearly 100% of the other interns followed Lesh ‘s 

model and believed in its effectiveness.80% of them mentioned 

that out of the five modes of representation concrete mode of 

representation lead to conceptual development the most 

followed by the pictorial mode. Most of them gave classroom 

instances supporting the conjunction of contextual situation and 

manipulatives to support the development of relational 

understanding in mathematics. They asserted that Lesh model 

facilitates the construction of mathematical concepts and 

empowers students to relate classroom experiences with their 

daily life making learning process a meaningful endeavour. 

 

Conclusions  

On basis of classroom observations, analysis of these 

observations and responses to the Questionnaire by interns the 

researcher concludes: In order to make a transition from 

traditional teaching of mathematical concepts to employment 

of Lesh’s model in class is a little challenging in the beginning 

but gradually Lesh’s model encourages learners to construct the 

mathematical concepts. Learners can be encouraged to be 

involved in the process of representation, abstraction and 

generalization of mathematical concepts via employing Lesh’s 
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model. The Lesh’s model of Multimodal representation 

provides teachers with a tool to facilitate the development of 

meaningful mathematical concepts and empowers the 

development of varied mathematical processes laid down in 

National Curricular Framework’ 2005 Position Paper on 

Teaching of mathematics NCF’05 
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